We study constant-roll inflation using the β-function formalism. We show that the constant rate of the inflaton roll is translated into a first order differential equation for the β-function which can be solved easily. The solutions to this equation correspond to the usual constant-roll models. We then construct, by perturbing these exact solutions, more general classes of models that satisfy the constant-roll equation asymptotically. In the case of an asymptotic power law solution, these corrections naturally provide an end to the inflationary phase. Interestingly, while from a theoretical point of view (in particular in terms of the holographic interpretation) these models are intrinsically different from standard slow-roll inflation, they may have phenomenological predictions in good agreement with present cosmological data.
Introduction
Nowadays inflation is widely accepted as a cornerstone of early time cosmology. However, while the main mechanism that drove this early phase of accelerated expansion starts to be understood, the definition of a concrete model that is completely satisfying from a theoretical point of view is still lacking. Since the original proposals [1] [2] [3] [4] [5] , a huge amount of models to realize inflation has been proposed (for a fairly complete review see for example [6] ) and in some cases theoretical predictions are so close that they are nearly indistinguishable. A well known example of this degeneracy 4 is the case of R 2 inflation [5] and Higgs inflation [7, 8] .
In order to have a better connection between theory and experiments, several methods to classify inflationary models have been introduced over the last years [10] [11] [12] . In this context, we have proposed the β-function formalism for inflation [13] . While at a formal level this characterization is equivalent to the standard procedure based on the specification of the inflationary potential, it typically permits to perform exact computations even without assuming slow-roll. This formalism is inspired by a formal analogy between the equations describing the evolution of a scalar field in a Friedmann-Lemaître-Robertson-Walker (FLRW) background and a renormalization group equation (RGE). Because of this similarity, the evolution of the Universe during inflation is expressed in terms of a β-function similar to the one well known in the context of quantum field theory (QFT). When the magnitude of the cosmological β-function is smaller than one, the Universe experiences a phase of accelerated expansion and in particular it is easy to show that an exact de Sitter (dS) configuration is realized when the β-function is exactly equal to zero. As a consequence, in this framework inflation can be described using the Wilsonian picture of renormalization group (RG) flows between fixed points and it is thus natural to classify inflationary models in terms of a minimal set of parameters (i.e. critical exponents) that specifies these flows.
The β-function formalism has a strong connection with the idea of applying holography to describe the inflationary Universe [14] [15] [16] which is nowadays a rapidly developing field of research (see for example [17] [18] [19] [20] [21] [22] [23] [24] ). In this framework, which is based on the (A)dS-CFT correspondence of Maldacena [25] , the deformation of an asymptotic (A)dS space-time (corresponding to the period inflation) is dual to the deformation of a (pseudo)-QFT (corresponding to the RG flow which is typically described in terms of a β-function). The cosmological β-function is thus interpreted as the usual β-function for the dual QFT. In fixed points with β = 0 an exact dS configuration is realized and the dual QFT attains scale invariance becoming a CFT. A departure from these fixed points thus corresponds to scaling regions and on the cosmological side to inflationary epochs. This indicates that the appearance of a RG equation in the cosmological context is not fortuitous but rather supported by deeper theoretical motivations.
In this work, we study the case of constant-roll inflation in terms of the β-function formalism. Constant-roll inflation was originally introduced in [26] and recently it attracted a lot of interest [27] [28] [29] [30] [31] [32] [33] [34] [35] [36] [37] because of the possibility of predicting cosmological parameters that are in agreement with the most recent cosmological observational constraints [38] [39] [40] . In these models the scalar field φ is assumed to satisfy the constant-roll conditionφ = −3λHφ, where H is the Hubble parameter and λ is some constant. Notice that for λ 0 we recover the usual case of slow-roll inflation and for λ = 1 we have ultra slow-roll inflation [26, [41] [42] [43] [44] (where the potential is exactly flat) 5 . We show that the class of models satisfying the constant-roll condition can be easily described in terms of the β-function formalism. Since the analysis carried out in this framework does not require the slow-roll approximation, it allows for a very simple characterization of constant-roll inflation 6 . Moreover, we show that with this approach we can define a further generalization of these models, leading to a new set of inflationary landscapes. In particular we construct a set of consistent inflationary models that asymptote to power-law inflation and have interesting cosmological predictions.
The paper is organized as follows. In Sec. 2 we briefly review the β-function formalism and describe constant-roll inflation using this method. In Sec. 3 we show that this approach is well suited to derive models for constant-roll inflation and discuss them in terms of the universality classes introduced in [13] . In Sec. 4 we go beyond the exact cases and construct quasi solutions of the constant-roll equation. We present their interpolating behavior and their phenomenological predictions. Our concluding remarks are given in Sec. 5.
Setting up the model
In this section we start by giving a brief review of the β-function formalism for models of inflation introduced in [13] and then we discuss the case of the constant-roll within this framework. Although in this paper we consider a single scalar field minimally coupled to gravity and with standard kinetic term, the results can be generalized to more complex scenarios (following the analysis of [48, 49] ).
β-function formalism -A short review
The action for a homogeneous classical scalar field φ(t) minimally coupled to gravity in a FLRW universe with line element ds 2 
Using the definition of the stress-energy tensor T µν ≡ −2(δS m /δg µν )/ √ −g, we can easily compute the pressure and the energy density of the scalar field:
The dynamical evolution of the system is then set by the Einstein equations which read:
Combining these equations we obtain the equation of state for the scalar field:
At this point, we can study the system in terms of the Hamilton-Jacobi approach of Salopek and Bond [50] . Assuming the dependence φ ≡ φ(t) to be at least piecewise monotonic, we can invert it to get t(φ) and use the field as a clock to describe the evolution. By introducing the superpotential W (φ) ≡ −2H, we obtain:
In analogy with the definition of the β-function in the context of QFT we define: 6) which exhibits the standard form of a RG equation with φ playing the role of the renormalization constant and a playing the role of the renormalization scale. To be precise, the analogy with the QFT β-function is not only at a formal level. Indeed it is possible to relate the cosmological β-function of Eq. (2.6) with the β-function describing the RG flow induced by some scalar operator in the dual QFT. However, in order to properly set this correspondence, we have to specify a mapping between the bulk inflaton and the coupling in the dual QFT. In particular, this typically requires the specification of some renomalization condition which in principle may require a modification of the simple expression of β in terms of W . While a detailed discussion of the holographic interpretation is beyond the scope of this work, an accurate discussion of this procedure can be found in [51] .
Eq. (2.4) implies that a phase of accelerated expansion is realized 7 for |β(φ)| 1. In analogy with the RG approach, we identify the zeros of the β-function as fixed points, which in the cosmological case correspond to exact dS solutions. Depending on the sign of the β-function inflationary periods are then represented by the flow of field away (or towards) these fixed points 8 . As a consequence, it is possible to classify the various models of inflation according to the behavior of the β-function in the neighborhood of the fixed point, rather than according to the potential. The advantage of this approach is that specifying a form for β(φ) actually defines an universality class that encompasses more models which might have in principle very different potentials but nevertheless yield to a similar cosmological evolution (and thus to similar predictions for cosmological observables such 7 More precisely,ä/a > 0 requires |β(φ)| < √ 2. For simplicity, in the following we assume inflation to end at |β(φ)| ∼ 1.
8 When the flow is towards the fixed point there is no natural end to the period of accelerated expansion. Clearly, this configuration is not suitable to describe inflation. However, as discussed in [52] , this scenario can be relevant in the description of the late time acceleration of the Universe in terms of quintessence.
as the scalar spectral index n s and the tensor-to-scalar ratio r). Notice that in order to realize a phase of accelerated expansion we only need |β(φ)| 1 and in general this does not require β → 0. In particular, inflation can be realized even if β(φ) approaches a small constant value. As discussed in [13] , this is the case of power law inflation [53] .
In the β-function formalism the number of e-foldings N can be expressed as:
where φ f is the value of the field at the end of inflation. Similarly we can compute the superpotential: 8) and the inflationary potential:
whose parameterization is similar to the one in the context of supersymmetric quantum mechanics (for reference see for example [54] ). It is important to stress that so far all the computations are exact, i.e. we have not performed any approximation and the analysis holds even if we are not assuming slow-roll.
Assuming now to be in a neighborhood of the fixed point, we have |β(φ)| 1 and n s and r at the lowest order in terms of β and its derivative simply read:
In order to obtain the standard expressions of n s and r in terms of N , we should first determine the value of φ at the end of inflation (using the condition |β(φ f )| ∼ 1). We should then proceed by computing N (φ) (using Eq. (2.7)) and invert it into φ(N ) to express n s and r in terms of the number of e-foldings.
Constant-roll inflation
Models of constant-roll inflation have been studied in the last years as an alternative that goes beyond the simple slow-roll realization of inflation. Unlike the usual slow-roll approach, the second derivativeφ in the Klein-Gordon equation is not neglected in constantroll inflation. A constant rate of rolling for the inflaton field, i.e.φ/(Hφ) is then assumed. The first case to be studied was the so called ultra slow-roll inflation [26] , in whicḧ φ/(Hφ) = −3, corresponding to an exactly flat potential ∂V /∂φ = 0. Later, deviation from this regime have been considered in [27] [28] [29] [30] [31] [32] [33] [34] [35] [36] [37] , withφ/(Hφ) = const = −3.
In general the constant-roll condition 9 is:
In order to express it in terms of the β-function formalism we should start by expressing φ in terms of the superpotential (φ = W ,φ ): 12) so that the constant-roll equation (2.11) becomes:
At this point we compute the first derivative of the β-function: 14) to express Eq. (2.13) as: 15) which is a nonlinear Riccati equation (the corresponding linear second-order ODE is Eq. (2.13)). This equation shows a first advantage of this formalism: instead of dealing with a second order differential equation for φ in which in addition we need to specify H(t), here we have a first order differential equation for β(φ) that can be easily integrated once the value of the constant λ is chosen.
The scalar spectral index and the tensor-to-scalar ratio from Eq. (2.10) are given in this particular case by:
We see that n s and r are not independent. This should not come as a surprise, as at the lowest order the two parameters depends uniquely on β and β ,φ and the constant-roll condition actually establishes a relationship between them.
Exact solutions
In this section we study the exact solutions of Eq. (2.15). Depending on the sign of the constant λ, we find different parameterizations for the β-functions. In particular we show that we can easily recover all the known solutions of [27] . We discuss these solutions in terms of the universality classes introduced in [13] and explain that some of these cases should be interpreted as composite models that interpolate between two different classes. Interestingly some of the cases discussed in this section have been already considered in [13] illustrating the generality of the results obtained using this formalism (which indeed does not require slow-roll).
Exact dS and chaotic models -λ = 0
We start by considering the special case 10 λ = 0 so that the equation for the β-function becomes β ,φ = β 2 /2. It is easy to show that this differential equation has two solutions:
The first case corresponds to an exact de Sitter configuration in which a ∝ e Ht , with constant H. This case is not dynamical (there is no flow and the condition β ∼ 1 is never attained i.e. there is no end to inflation) and it cannot be used to describe the inflationary universe. In particular, some mechanism must be introduced in order to end the period of accelerated expansion. In terms of the β-function formalism this can be implemented by introducing one (or more terms) in the parameterization of β which induces the flow. On the other hand, the second case is the β-function for the chaotic class Ib(1) (of [13] ) with β 1 = 2 that corresponds to the case of Chaotic inflation [4] . In general this class comprehends inflationary models for which the fixed point is reached at |φ| → ∞ and includes, for generic β 1 , all the inflationary potentials of the form
Let us consider the generic case with β 1 . The number of e-foldings is easily computed:
with |φ f | = β 1 . We obtain φ(N ) = 2β 1 N + β 2 1 and thus:
Setting β 1 = 2, we have for n s and r:
which are exactly the predictions given by the standard chaotic model with quadratic potential [4] .
Constant β-function -λ > 0
We now consider the case of a constant solution for Eq. (2.15), i.e. β ,φ = 0. Then β(φ) = ± √ 6λ, implying λ > 0. As pointed out in [13] , this case simply corresponds the power law class Ib(0). Notice that Power law inflation [53] is a static solution (different from dS) of Einstein Equations and thus there is no natural end to inflation. Similarly to the case of an exact dS configuration, in order to define a complete model it is necessary to introduce a mechanism to leave the period of accelerated expansion. As later shown in Sec. 4, such a mechanism might be provided by the insertion of some corrections to the exact solution outlined in this section.
In the case of power law solutions the scale factor is not exponentially increasing with time but rather scales with some power of the cosmic time. In the present case it is easy to show that a ∼ t 1/(3λ) . As the β-function does not depend on φ, the same will be true for n s and r, which can then immediately be computed:
These models are strongly disfavored by the latest cosmological data [38] [39] [40] .
Hyperbolic tangent and cotangent -λ > 0
We now solve (2.15) for positive λ and β ,φ = 0 to find two possible solutions:
Let us start by considering the first of these two solutions. In this case the functional form for β(φ) clearly presents a zero in φ = 0. We proceed with our analysis by computing the number of e-foldings:
To have a positive number of e-folding (corresponding to an expanding Universe) we need |φ f | < |φ|. This corresponds to a flow towards the fixed point. As already mentioned (see footnote 8), this is not an appropriate description of the early Universe since there is no natural end to the period of inflation. Conversely, in this case a flow away from the fixed point would describe a shrinking Universe that of course is not relevant for the analysis carried out in this work.
For the second solution the fixed point is attained in the limit φ → −∞. As a first step we obtain φ f from β(φ f ) = 1:
Notice that as λ is positive in order for the field to be real valued at the end of inflation we need 0 < λ < 1/6. As usual, we proceed by deriving the number of e-foldings:
where we used Eq. (3.8). Notice that since cosh
At this point we can express β in terms of N as:
(3.10)
We then find for the cosmological observables n s and r:
(3.11)
For completeness, we report the scalar potential associated with this parameterization of the β-function: 12) where V f is the normalization of the inflationary potential that as usual can be set using the COBE normalization [38, 39] .
We can appreciate the interpolating behavior of β(N ) (between the power law Ib(0) and the chaotic class Ib(1)) by taking first the limit 6λN 1: 13) which is the power law class Ib(0) with β 0 = − √ 6λ. On the other hand for 6λN 1, we have: 14) corresponding to the chaotic class Ib(1) with β 1 = 2, for which n s and r are those given in Eq. (3.4).
Tangent -λ < 0
Looking for a solution of Eq. (2.15) with negative λ and β ,φ = 0, we find 11 :
This form of β-function corresponds to the interpolating class introduced in [13] with the choice f = 1/ 6|λ|. It interpolates between the linear Ia(1) and the chaotic class Ib(1), respectively in the limits φ → 0 and
The number of e-foldings associated with Eq. (3.15) is given by:
We obtain φ f from β(φ f ) = 1 (in this case the field is positive, φ f > φ ≥ 0):
11 Note that also β(φ) = 6|λ| cot − Then substituting into Eq. (3.16):
and thus we get:
where we used that sin 2 3|λ|
2 φ = e −6|λ|N /(1 + 6|λ|). We then find for n s and r:
The scalar potential associated with this β-function reads:
where again V f is the normalization of the inflationary potential.
We can appreciate the interpolating behavior of this form of β(N ) by taking first the limit 6|λ| 1 : 22) which is the linear class Ia(q) with β 1 = 3|λ|, q = 1. In this limit (i.e. the small field limit of (3.15)) we get:
On the other hand for 6|λ|N 1, we have: 24) corresponding to the chaotic class Ib(1) with β 1 = 2, for which n s and r are those given in Eq. (3.4). Recall that this is the large field limit, with 6|λ|φ → π.
Beyond exact solutions
Having established that the β-function formalism is convenient to describe constant-roll inflation, in this section we show that this approach is also well suited for going beyond the exact cases discussed so far. We consider quasi solutions, i.e. models that satisfy the constant-roll equation asymptotically (deep in the inflationary phase) but not at later times (towards the end of inflation). These approximated solutions are interesting for several reasons:
• From a purely phenomenological point of view it is interesting to explore the possibility of defining a new set of models that may lead to interesting predictions for n s and r.
• From a theoretical point of view, these models are (as we will explain in the following sections) intrinsically different from the usual models.
• As already mentioned in Sec. 3.2, in the case of the power-law class Ib(0) (i.e. power-law inflation) the model is incomplete as it lacks a method to put an end to the inflationary stage. The introduction of corrections is thus necessary to define a consistent model for inflation (i.e. a graceful exit).
Before considering some explicit models, let us first discuss the general procedure to implement this mechanism.
Let F (φ) be an exact solution of Eq. (2.15) (i.e. one of the functions discussed in the previous section) and let us express β-function as:
where f (φ) is a generic function of φ. In order for β(φ) to asymptotically satisfy the constant-roll condition (2.15), the function f (φ) must satisfy:
as we go deeper into the inflationary stage. In particular this means that in this regime both f (φ) and its first derivative go to zero. Notice that since β is not an exact solution of (2.15), the prediction for n s and r are not given by the special case (2.16) but by the general expression (2.10).
For example, assuming F (φ) to have the form discussed in Sec. 3.4 (i.e. the tangent case with λ < 0), we can express the β-function as:
At this point we can use the equations introduced in Sec. 2.1 to study the deformation induced by the function f (φ) around the exact solution discussed Sec. 3.4. While in the case defined by Eq. (4.3) the equations are not easy to be handled, an analytical treatment can be carried out for F (φ) = ± √ 6λ allowing for a systematical study of the deformations over the asymptotical power law solution. In the remaining of this section, we will focus on this case and we will explicitly construct some models that arise as deformation of the constant solution studied in Sec. 3.2 and discuss their predictions.
Asymptotical power law solutions
Since f (φ) vanishes as we go deeper in the inflationary stage, in this regime it is the constant term that dominates giving the asymptotical power law solution. However, as we depart from this configuration, the function f (φ) (that here is chosen to be positive), eventually becomes sufficiently large (at β(φ f ) 1) and puts an end to inflation.
Before discussing the predictions associated with these classes of models and defining some examples where the situation depicted in the previous paragraph is realized, we need to stress some points:
• These classes of models are intrinsically different from the classes introduced in [13] . The presence of a constant term in the β-function implies that going deeper in the inflationary stage the β-function does not approach the usual dS configuration but rather a power law solution as the one discussed in Sec. 3.2.
• As β(φ) does not approach zero during the inflation, Eq. (2.7) directly implies that in general 13 there could be an upper bound for N . As a consequence, in this case it is necessary to check that the deformation allows for a sufficiently long period of inflation.
• As during inflation the β-function asymptotes to a constant, the dual theory does not attain conformal invariance. As a matter of fact, the constant term corresponds to a relevant operator which modifies the IR behavior (on the other hand the function f (φ) corresponds to the introduction of an irrelevant operator which modifies the UV behavior) of the RG flow. The QFTs that are dual to this class of models are not CFTs but rather theories with generalized conformal invariance [55] . These are a subclass of hyperscaling violating theories [56] [57] [58] where the dynamical critical exponent z = 1 but θ = 0 (z = 1 leads to anistropic solutions which are beyond the interest of this paper). For a discussion of the holographic interpretation of this class of theories see for example [16, 55, [59] [60] [61] [62] [63] .
In order to compute the predictions for n s and r associated with these classes of models we can directly substitute the parameterization of Eq. (4.4) into Eq. (2.10) to get:
We can directly see from these equations that the predictions for a β-function of form (4.4), interpolate between the predictions of the power law class Ib(0) and of the class in which f (φ) belongs to. This mechanism of interpolation is analogous to the one discussed in [13, 48] and in this case is clearly mediated by the value of λ. Indeed if f, f ,φ √ 6λ at N = 60, we recover the predictions of a power law model. On the other hand, if f, f ,φ √ 6λ at N = 60, the constant does not play a significant role and the predictions are the same as if the β-function were simply β(φ) = f (φ). Notice however, that independently on the predictions at N 60, the presence of the (small) constant is still deeply affecting the asymptotic behavior according to the discussion of the previous paragraph.
Finally, let us define a minimal set of relevant examples. In order to produce a systematic analysis of the different possibilities, we can consider separately the following cases:
• f ,φ /f 1, functions of the Exponential class II(γ):
f (φ) = e γφ with γ > 0 and φ < 0. The asymptotic power law solution is recovered for φ → −∞.
• f ,φ /f 1, functions 14 of the Inverse Ib(p) and Chaotic class Ib(1): f (φ) = αφ −n with φ < 0 and either α > 0 and n even or α < 0 and n odd. The asymptotic power law solution is recovered for φ → −∞.
• f ,φ /f 1, functions of the Monomial class Ia(q): f (φ) = αφ n with α > 0 and φ > 0. The asymptotic power law solution is recovered for φ → 0.
To be consistent with the convention used in [13, 48] , in the following we proceed by choosing the sign of the terms appearing in the β-function in order to have always φ > 0 and positive constants. Clearly the results are independent on this choice.
Exponential
Let us consider a β-function of the form:
with α > 0, γ > 0 and φ > 0 so that inflation is realized for large positive values of φ. In this case the β-function goes from − √ 6λ to −1 as φ decreases from φ > φ f to φ f . Notice that by redefining the inflaton field as φ → φ − ln |α|/γ the β-function can be simplified to: 8) and we can easily show that
This class of models corresponds to potentials that at the lowest order can be expressed as:
where V f is the normalization of the inflationary potential (that as usual can be set using the COBE normalization [38, 39] ) and C is a constant which can be expressed in terms of γ and λ. Let us proceed by computing the expression for the number of e-foldings:
which is positive since φ decreases during inflation. We can now invert Eq. (4.10) in order to get φ(N ):
and similarly we can express the β-function in terms of N :
It is important to stress that despite the rather complicated form of the potential shown in Eq. (4.9), the corresponding β-function is simple and convenient to manipulate. In particular we have shown that the model can be completely solved analytically. This is a clear difference with respect to the usual approach where it is quite difficult to specify potentials that lead to an evolution that admits analytical solutions. This illustrates the strength of this approach which allows constructing new interesting cases that can be solved analytically (and that eventually lead to interesting predictions for cosmological observables) even if they correspond to non-trivial potential. Finally, the predictions for n s and r in terms of N can be directly obtained from Eq. In the limit γ √ 6λN 1 we can easily get: 13) which is precisely the β-function of the Exponential class. Conversely, in the limit γ √ 6λN 1 we find: 14) being e −γ √ 6λN 0. We see that in this limit we recover the Power Law class. In the plots of Fig. 4.1 and Fig. 4 .2 we show the predictions for n s and r (respectively in linear and semi-logarithmic scale) for the models described in this section. Notice that in this case the β-function is completely specified by the value of the two critical exponents γ and λ. Once these two parameters are fixed, we can compute numerical predictions as a function of N only. In order to produce the plots of Fig. 4.1 and Fig. 4 .2, we first fix some values of γ (with even log spacing from γ = 0.3 to γ = 10) and varying the value of λ (again with even log spacing from λ = 0.8 to λ = 10 −6 ) we show the interpolation between the two asymptotic limits i.e. the Exponential (in orange) and the Power law (in green). The solid black lines are used to follow the variation of λ while keeping the values of γ and N fixed. The thick black line corresponds to N = 60 and the thin black line corresponds to N = 50. As for larger values of γ the exponential term approaches zero more rapidly (going deeper into the inflationary phase), smaller values of λ are required in order to approach the exponential limit at N 50 ÷ 60. This feature is manifest in the plot of Fig. 4.2 . Notice that between the two asymptotic limits there is an intermediate region with a whole new set of inflationary models.
Inverse
In this section we consider the inverse of a monomial as a correction to the constant β-function 15 (α > 0):
This case is expected to interpolate between a power law and either the chaotic class (for n = 1) or the inverse class (n > 1). This behavior will be shown explicitly for the cases n = 1 and n = 2 where analytical expressions for N (φ) can be obtained. Before considering the two cases separately, it is useful to compute the general expression for φ f using |β(φ f )| = 1:
Notice that analogously to the Exponential case discussed in the previous section, this is a large field model where inflation occurs for φ f φ. At lowest order the potential associated with this model is:
Let us now focus on the two cases n = 1 and n = 2.
• Chaotic, n = 1 In this case we easily get:
In general this equation cannot be inverted to get φ(N ). However, we can show that there are two asymptotic behaviors. As a first step we multiply both sides by 6λ/α and define √ 6λφ/α ≡ z, we then express Eq. (4.19) as:
Notice that as z > z f , the second term on the r.h.s. of this equation is negative. At this point we can consider the two limiting cases:
1 a solution for Eq. (4.20) exists for z 1. We approximate the logarithm on the right-hand side to get:
We can thus express the field as function of N as:
where
The β-function becomes:
and we recognize the expression for φ(N ) of the Chaotic class Ib(1) (see Sec. 3.1). For completeness we report the predictions for n s and r:
2. In the limit 
At lowest order the β-function as a function of N is simply a constant and thus corresponds to the power law class Ib(0) (see Sec. 3.2).
• Quadratic inverse, n = 2 In this case the number of e-foldings reads:
In general this equation cannot be inverted to get φ(N ) but again we can consider the two asymptotic behaviors. We start by multiplying both sides by (6λ) 3/4 / √ α and define (6λ) 1/4 φ/ √ α ≡ z so that Eq. (4.26) reads:
We then notice that as z > z f the second term on the r.h.s. is always negative and we proceed by distinguishing the two limiting cases: That again corresponds to the power law class Ib(0) (see Sec. 3.2).
In the plot of Fig. 4.3 we show the predictions for n s and r (in linear scale) for the class of models described in this section. The procedure used to produce this plot is similar to the one defined in Sec. 4.1.1. We can see that (as expected) for small values of λ the predictions for the classes of models are approaching the predictions for the chaotic and the inverse class respectively. On the other hand for larger values of λ we recover the usual power law behavior. Notice that in this plot (and more generally in this section) we are only considering models for which we can perform analytical computations. However, according to the discussion of [13] , for larger values of n we can define models of the inverse class which lead to predictions for n s and r that are in even better agreement with the experimental constraints. Clearly, these models could be used to implement the mechanism discussed in this paper leading to the definition of models which predict better values for n s and r.
Monomial
In this section we consider a β-function of the form: As a first step we show that the case n = 1 can be safely ignored. Since in this case the β-function is simply β(φ) = √ 6λ + αφ, a field redefinition φ = φ − √ 6λ/α leads simply to the usual monomial class with β(φ ) = αφ . Analogously, for any odd power of n we can perform a field redefinition φ = φ − ( √ 6λ/α) 1/n to get: 34) where the c i denote some constant factors. As the constant term disappears, these cases are already discussed in [13] and they are not relevant for the analysis presented in this paper. For this reason we can simply restrict to cases with an even value for n.
The potentials for these models (with n > 1) are given by:
As we explain in the following, in order to provide a consistent model of inflation the field excursion is non-trivially related to the values of α and λ. Therefore we cannot provide a general first order expression for the potential. In order to discuss an explicit example which can be solved fully analytically let us focus on the case with n = 2. The first step is to compute the number of e-foldings:
where we have substituted φ 2 f = (1 − √ 6λ)/α. Before proceeding further, it is interesting to stress that these models can support inflation only for a limited number of e-foldings.
This can be easily checked by computing the value of N for φ = 0:
For the model to be a realistic description of inflation, we then need N tot to be larger than 50 ÷ 60. This will turn into a constraint for the maximal value α at a given value of λ. For example if we require N tot 60 we get:
We can proceed by computing the expression for φ as a function of N :
Notice that the r.h.s. of this equation is positive i.e. the "fixed point" φ = 0 is consistently approached for N = N tot . Moreover, it is interesting to notice that if we choose the parameter α to be at its maximal value given by (4.38), we have φ = 0 for N tot = 60. In this case the model would have an overall inflationary period of exactly 60 e-foldings and thus the predictions at N = 60 are given by the constant √ 6λ i.e. by the power law fixed point 16 .
Using Eq. (4.39) the β-function can be expressed as:
again n s and r are respectively given by: The plot of Fig. 4.4 shows the predictions for n s and r (in linear scale) for the class of models described in this section 17 . Notice that in this plot we are also showing the predictions for a model (n = 4) where we are not able to perform a fully analytical treatment. Interestingly both the case with n = 2 and n = 4 predict values for n s and r that are in agreement with the constraints set by the latest cosmological data [38] [39] [40] . Even in this case we can appreciate the interpolating behavior of the β-function. If √ 6λ 1 we simply recover the monomial case, and no difference can be appreciated in the last 60 e-foldings. Conversely, for larger values of λ (but still in agreement with the constraint of at least 50÷60 e-foldings), we approach power law predictions. In summary, we have defined a set of inflationary models that are in agreement with the latest cosmological data and that lead to a finite period of inflation.
Conclusions and outlook
In this work we have studied constant-roll inflation in terms of the β-function formalism. In particular we have shown that the constant-roll condition translates into a simple first order differential equation for β(φ). We have derived the solutions of this equation and shown that they reproduce the constant-roll models already studied in the literature. Interestingly, among the cases discussed in this paper, we have recognized some β-functions that were already considered in the original work on this topic [13] . This is a consequence of the generality of the results obtained in terms of this formalism (which allows performing analytical computations even beyond the usual slow-roll approximation). Finally we have discussed the interpolating behavior of some solutions. This first part of the work is intended to show the simplicity of the β-function formalism when dealing with concrete examples.
Having reproduced the models that are already known in the literature, we have also shown that this formalism is convenient to go beyond exact solutions. In particular we have defined a set of approximate solutions for the constant-roll equation that correspond to models with phenomenological predictions in good agreement with the latest experimental data. With this procedure we have been able to consider some new classes of models that to our knowledge are not present in the literature. For completeness (even if our approach is not based on the potential) we derived the form of the scalar potential associated with each model. The rather complicated form of the potentials in balance with the relative ease to perform analytical computations illustrates once again the strength of the method.
We have considered in greater details the power-law solution and its different extensions. It is well known that an exact power-law model of inflation is incomplete since there is no mechanism to end the period of inflation. We showed that by adding a correction to the corresponding β-function, it becomes possible to have concrete models with a natural end to the inflationary period. For the specific case of a monomial correction to the β-function, we found the interesting feature that the total period of inflation may only be finite. Most of the asymptotic power-law models studied in this work predict cosmological parameters that are in agreement with the most recent observational constraints [38] [39] [40] which is an interesting result from a phenomenological point of view. An intriguing subject for further works on this topic would be the search for peculiar observable signatures that allows distinguishing these models from standard dS asymptoting solutions.
In this work we illustrated the strength of the β-function approach when dealing with concrete and phenomenologically interesting models. An interesting prospect for future works would be to relate these models with some theoretically well-motivated theories (which could arise for example from the usual QFT approach). As already stated in Sec. 4.1, the holographic interpretation might play a significant role in this analysis. The three dimensional QFTs that are dual to asymptotic power-law models are theories with generalized conformal invariance [55] which are a particular case (with z = 1 ) of theories that violate hyperscaling 18 [55] [56] [57] [58] [59] [60] [61] [62] [63] . These models are thus conceptually different from dS asymptoting solutions whose holographic dual theories are deformed CFTs. As a consequence, while phenomenologically power-law models are quite similar to (and in some cases nearly indistinguishable from) the most common realization of inflation, there are deep theoretical differences between these two classes of models.
Asymptotic power-law solutions are not only interesting in the context of inflationary model building but they can also be useful while studying the late time evolution of our Universe. In particular a wide set of models with exponentially flat potentials (which lead to a powerlaw expansion) has been studied in the literature [64] [65] [66] [67] [68] [69] . The β-function formalism is not only suitable to describe inflation but rather it can also be used to describe the late time evolution of Universe driven by quintessence 19 . In this case the situation is typically reversed and the period of accelerated expansion corresponds to an RG flow towards a fixed point. As discussed in [52] , the presence of matter naturally induces a flow and thus in this case a consistent late time evolution can be attained even if the β-function is exactly constant.
While in this work we have only focused on the case of a single scalar field with standard derivative term and minimal coupling to gravity, it has been already shown in [48, 49] that the β-function formalism can be consistently extended to more general models of inflation. However, it is fair to point out that generalizations of the formalism in order to include for example multi-fields models of inflation, non-minimal derivative couplings between the inflaton and gravity 20 and models of modified gravity are still lacking. The analysis carried out in [72] and [20, 73] can provide a useful guideline in order to define the first of these generalizations.
